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To achieve high flexibility and agility for rapidly changing customer’s demand, Petri net has been adopted as a modeling
and performance analysis tool. The Purpose of this paper is to propose modeling and performance analysis schemes of
flexible manufacturing line using a generalized stochastic Petri net. The manufacturing line can be represented using
workflows which are composed of bill of material and processes. Bill of process shows the precedence of processes and the
relationship among the manufacturing and assembly operations. An algorithm generating a Petri net from bill of material
database is proposed. The scheme of generalized stochastic Petri net utilizing both immediate and exponential distributed
transitions are adopted to model a manufacturing cell with flexible machines, assembly lines and buffers. Performance
analyses are performed based on qualitative and quantitative properties. For the qualitative analysis, behavioral and
structural analyses are applied. Quantitative analyses are conducted using a Petri net simulator.

Significance:  This paper demonstrates an approach to represent the process of manufacturing line using BOP and Petri
net. The Petri net model can be generated automatically from BOM data. Performance analysis schemes
are proposed based behavioral, structural and quantitative properties. Through the interactive modeling
and analysis process, this technique enables a quick response to customer needs and will enhance the
feasibility and productivity of manufacturing system design.

Keywords: Petri net, bill of process, bill of material, flexible manufacturing line, performance analysis
(Received 20 December 2003; Accepted in revised form 27 March 2003)

1. INTRODUCTION

As manufacturing paradigm has shifted from mass production to mass customization, variety and customer satisfaction
based on flexibility and quick response are highly required. The modeling of business process and manufacturing cell plays
an important role in engineering and manufacturing control system. Process models support the representation of
manufacturing system and their decomposition into manageable pieces. Complex manufacturing line can be represented by
bill of material (BOM) and their processes which correspond to bill of process (BOP). BOP shows the information of BOM
and manufacturing process. It provides the relationship of assembly and disassembly and the precedence of processes.
Different approaches have been tried for modeling and analysis of manufacturing system. As many companies have
equipped with ERP system, manufacturing systems are required to be connected with the ERP system. Thus, manufacturing
execution system (MES) was proposed for FMS control under ERP system. An IDEF0 model of an order handling shop
floor having an FMS line is developed to identify functional requirements of MES, and then a two tier MES architecture
satisfying the functional requirement is proposed (Choi and Kim, 2002). Structured analysis and design technique (SADT)
is a standard tool used in design of flexible manufacturing system. The representation using SADT is mapped into Petri net
model by Santarek and Buseif (1998). SADT/IDEFO represents activity oriented modeling approach which are composed of
input, output, condition and control. The inputs are those items which are transformed into outputs by the activity.
Conditions and rules describe how the activity is performed. The mechanism represents resources for the activity.
SADT/IDEF0 models ensure consistency at each level of decomposition, but they are static and do not show directly logical
and time dependencies between them.

Workflow has been used for representing and implementing business processes. Aalst (1999) has proposed the
architecture for role and functionality of workflow processes. In Europe, CIM open system architecture (CIMOSA) and
workflow architecture were adopted for an enterprise engineering application in a low volume microsystems production
(Dickerhof et al. 1999; Ortiz et al. 1999).
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To achieve high flexibility and agility for rapidly changing customer’s demand, Petri net has been adopted as a modeling
and performance analysis tool. Intensive research results of Petri net are introduced in the areas of FMS control, scheduling,
planning areas (Zhou, 1995; Desochers and Al-Jaar, 1995). Petri-net-based tools and methods with a variety of problems
associated with the design and implementation of FMS are introduced in Zhou and Venkatesh, (1999). It contains FMS
modeling, simulation, performance evaluation of push and pull paradigms in flexible automation, and real-time Petri nets
for discrete event control. Timed Petri net is used for modeling behavioral analysis and performance evaluation on an
automotive assembly plant (Bayhan and Tuncel, 2002). A generalized stochastic Petri net (GSPN) has been used as a
performance analysis tool for flexible manufacturing line (Kim ef al. 2003). Chiola et al. (1993) has proposed the class of
Petri net obtained by eliminating timing from GSPN models while preserving the qualitative behavior.

Most of the previous works concentrate on either workflow process representation, or Petri net-based modeling, or
performance analysis. They do not deal with the whole process starting from BOM to the performance evaluation of
flexible manufacturing cell.

The Purpose of this paper is to propose modeling and performance analysis schemes of manufacturing line using a
generalized stochastic Petri net. Section 2 introduces BOM, BOP, Petri net modeling primitives and an automated Petri net
generation algorithm from BOM database. Section 3 proposes Petri net-based modeling for flexible manufacturing line.
Section 4 explores performance analysis based on qualitative and quantitative properties. Finally, section 5 concludes.

2. BOM, BOP AND GENERATION OF PETRI NET MODEL

Petri net provide a uniform environment for modeling, design and formal analysis of flexible and agile manufacturing
system. In the manufacturing organization, basic information about products and production process are given in the BOM.
BOM describes the component structure of a product in a tabular format within a relational database system. Starting from

BOM data, BOP and Petri net are generated, and then performance analysis can be performed for the prior evaluation of
manufacturing line. This process is conceptualized in Figure 1.

Figure 1.
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Designed manufacturing line can be represented by BOM and their processes which correspond to BOP. A process is a
collection of tasks, conditions, subprocesses, and their relationships with one another. BOP shows the information of BOM

and manufacturing process. It provides the relationship of assembly and disassembly and the precedence of processes.
Figure 2 shows the mapping between BOM and BOP.
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Figure 2. Relationship between BOM and BOP

The BOP model can be transformed into Petri net model because their structures are very similar in nature. Table |
compares the relationship between BOP and Petri net model. Conditions and causal dependencies in the BOP are depicted
using places in the Petri net model. Event and task in the BOP are transformed into transition in the Petri net. Also,
case/state and sequential graph can be represented using marking and marking graph respectively.
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Table 1. Relationship between BOP and Petri net model

BOP model Petri net model
Condition/causal dependency (OR-split, OR-join) Place
Event/task (AND-split, AND-join) Transition
Case/state Marking
Sequential case graph Marking graph

Manufacturing line or business process takes several routings such as sequential, parallel, selective and iterative. They
can be represented using Petri net primitives shown in Figure 3. From the figure, (a) and (b) show basic and sequential
operations. The second task is performed as the result of the first. In a Petri net, this form of routing is modeled by linking
the two tasks using a place. Cases (c) and (d) show parallel routing where two places link to a common transition. Parallel
routing happens when more than one task is carried out at the same time or in any order. Paralle]l operation starts with
AND-split in which two tasks happen following a transition. In the AND-join, a transition happens only when both
conditions are fulfilled. Case (e) represents join/merge where several information/control sources lead to common condition
or status represented by a place. An example in the manufacturing process corresponds to producing identical parts and
sending them to a common station for further processing. Case (f) shows the choice operation in the dispatching problem
where two or more machines are ready for a coming raw material. The decision is made based on priority rule, probability
or frequency. Case (g) shows cyclic operation. A typical example for this case is robot’s repetitive task of loading and
unloading of a specific part. Also this cycle operation can describe an idle operation in a machine shop where a machine is

waiting for work for the incoming task. Case (h) represents mutual exclusive situation in which a common resource is
shared by two tasks.

(c) Paralle! operation (d) Synchronized operation
(a) Basic operation (b) Sequential operation (Fork, AND-split) (AND-join)

> <GS

(e) Joinvmerge operation  (f) Choice operation (g) Cycle operation
(OR-joint) (OR-split) . )&’Circu it) (h) Mutually exclusive
(XOR)

Figure 3. Modeling primitives used for Petri net design

In order to introduce a Petri net generation algorithm, formal definitions for BOM and Petri net are given.
Definition 1. BOM is defined using four tuples.
BOM =(C, 4, D, R), where
C is a finite set of components.
A € C,a set of parent components of the present node. When 4 = &, it corresponds to a root node.
D € C,asetof child components of the present node. When D = @, it corresponds to a leaf node.
R represents the relationship between the present node and its child nodes, {AND, OR} € R, where relationship

between parts are AND/OR in the BOM. All child nodes are assumed to be AND relationship if OR relationship is not
specified explicitly.

Definition 2. Formally, a stochastic Petri net (PN) is a bipartite directed graph with six tuples defined as:
PN=(P, T, I, O, F, m), where
P={py, ps ....pn} is a finite set of places.
T={t} t; ...t} is a finite set of transitions.
PANT=CZand PUT # .
I C (PxT): a set of arcs, where I is an input mapping P x T > {0, 1} corresponding to the set of directed arcs from P
to T.
O C (TxP): a set of arcs where O is an output mapping 7x P > {0, 1} corresponding to the set of directed arcs from
Tto P.

F: distribution function to assign a firing time to transition 7.
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m: P> {0,1,2,3,. ..} is the marking of place, where m, specifies the initial marking,

GSPN contains immediate transition and transitions with exponentially distributed firing times. Markings in which at
least one immediate transition is enabled are called vanishing markings since immediate transitions fire in zero time.
Markings in which only exponential transitions are enabled are called tangible markings. A Petri net that contains tangible
and vanishing markings is equivalent to an embedded Markov chain. If we remove the vanishing markings, reduced
embedded Markov chain is generated.

Firing the transitions in a GSPN depends on whether we are examining tangible or vanishing markings. In the case of
tangible markings, any enabled transition can fire next. The actual transition that fires depends on the firing rates on the
enabled exponential transitions. For a vanishing marking, only the enabled immediate transitions are allowed to fire. Also,
enabled and concurrent transitions fire immediately. In case of conflicting enabled immediate transitions, only one is
allowed fo fire at a time according to a predefined probability distribution.

According to the above definition about BOM and Petri net, an algorithm generating Petri net automatically is proposed
as the following,
Based on the part ‘a’ in the BOM, in(a) and out(a) is defined as the following,.
in(a)={xeC|(x,a) € R},
out(a) = {x €C|(a, x) E€R}.
Step 1. (Initiation stage) Find a component without a child node (leaf node). If more than one component are found, choose
the one which is found for the first time in the database. Suppose the selected component be ‘a’. Create an initial PN =
{P, T, 1, O, F, m} where P= {in(a), out(a)}, 7= {process(a)}, I = {PxT: (in(a) >process(a)), O = TxP: process(a) =

out(a)}, F is the firing distribution function of transition 7, and m is the marking at in(a). Go to Step 2.

Step 2. IfCND * & (When there are another leaf nodes), create PN={P, T, | O, F, m} for all the remaining leaf nodes.

Go to Step 3.

Step 3. If CN P = & (When there are not any other parent component for the present one, it is a root component.), go to
Step 5. Otherwise choose a component ‘b’ € C whose child node exists among the already processed set, (CN D € a;,
where a; is a set of already processed component).

Step 4. If the selected component b€ C is an intermediate node, create revised PN = {P’ T’ I' 0" D, m}, where P’ =
{out(a;), out(h)}, T’ = {process(d)}, I' = {(out(a;) >x)} O’ = {x > out(h)}. In this Step, decide whether the
relationship between the lower components ‘a;" and present component ‘b’ is {AND, OR}. Go to Step 3.

Step 5. The generation of PN is finished. If we apply the algorithm for the BOM data shown in Figure 2-(a), the following
Petri net is generated automatically as shown in Figure 4.

3. PETRI NET MODELING OF FLEXIBLE MANUF ACTURING LINE

Consider a flexible manufacturing line composed of two machines M, and M, two assembly operations and four buffers in
the process. Three Part types, P,, P, and P; are input to the system for operations and assembly. Part type P, requires
machine M, in operation 1 and machine M, or M;in operation 2. Part type P; requires machine M, in operation 1 and
machine M, or M, in operation 2. After Part type Py finishing the operation 1 in machine M,, P, is assembled to P,, then
they are put in the buffer 1 if next available machine is not available. Using machine M, or M, the subassembly {P,P,} is
processed its second operation. In the meantime, part Py proceeds to the operation 1 using machine M,, then enters buffer 3
if next machine is not available. A fter finishing its operation 2 in M, or M,, P; is processed to be assembled with {P,P,}. As
the final output is assembled to a single product {P\P,P;}, raw materials for Py, P, and P; are the same quantity. The
process of operation for the flexible manufacturing line is shown in Figure 5.
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Figure 4. Petri net graph generated using the algorithm
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Figure 5. Operation process of flexible manufacturing cell

Assembly

The given problem with two machines, two operations, two assembly processes and four buffers can be modeled and
analyzed using Petri net system. As two machines M, and M, are assumed to be unreliable machine, the machine can be
broken according to failure distribution.

A GSPN model which incorporates both stochastic timed transitions and immediate transitions is adopted in this research.
The timed transitions have an exponential distribution with firing rate A, which fire 1/A time unit after they are enabled. The
immediate transitions fire as soon as they are enabled. The machine operation, failure and repair rate are assumed to be A,
A¢and A, respectively with exponential distribution. The subprocess with failure and repair process during machining
operation is shown in Figure 6. In the sub process model, parts enter the machine through immediate transition T; if place
P, has a token. The status of Py, with a token implies the start of machining operation. If the machine does not fail, the
operation will take 1/A, time unit. When failure occurs in the machine, transition T fires at a rate 1/A; time unit. The repair
occurs at a rate 1/A, time unit. The memoryless property of the exponential distribution implies that next transition can
happen either in T, or Ty
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P;: place with input

Pus. place with up and free with initial token
Py, place with up and busy

Py: place with down (machine failure)

P,: place with output

Ti: Transition ready for input

T,: Transition output with processing rate A %
T Transition with failure rate A, f

T Transition with repair rate A,

The places and transitions adopted in the model represent the following
cases are explained, and the other remaining places and transitions have s
given problem is shown in Figure 7. The operation in the unreliable mach
order to be understood more easily,
same quantity of raw material P,
the final output.

Figure 6. Subprocess with failure and repair process during machining operation

Table 2. Interpretations of places and transitions

Places Transitions
Py Part type P, is input for operation 1. Ty P, is supplied to M, for the operation 1,
P M; is up and busy for operation 1. Tir Machine M; fails during operation 1.
Pu M, is down. Ty Machine M, is repaired.
P Machine M, is available. Tio Processing in operation 1 is finished.
Py Part P, is available for next process (up | Ty Part P, and P, are supplied for assembly
and idle). operation.
Py, Part P, and P, are in assemble process, | Ty, Assembly process is finished (out).
Poun Buffer storage 1
P Machine M, is available.
P, Assembly process of partPy, P and Py, | Ty Part P,, P, and P; are supplied to
assembly process.
Pg, Output of assembly process. Tso Assembly process is finished (out).

Figure 7. Generalized Stochastic Petri net model with two unreliable flexible machines and four buffers

(Transition with black box implies immediate firing time and white box means timed transition.)

interpretation shown in Table 2. Only typical
imilar interpretations. The GSPN model for the
ine follows the subprocess given in Figure 5. In
similar indexing schemes are adopted only by changing their subscripts. By putting the
P; and P; as input to the system, a finished assembly from the three parts is produced in
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4. PERFORMANCE ANALYSIS OF PETRI NET MODEL

In order to analyze a Petri net model, qualitative and quantitative approaches are usually adopted. Behavioral and structural
properties of Petri nets correspond to the qualitative properties. Behavioral properties imply that the properties of Petri net
are dependent on the initial marking. Some examples of behavioral properties are work-in process, state of the resources,
order released etc. Structural properties depend only on the structure of Petri net, and not on the initial marking and the
firing policy. In manufacturing system, this is important because they depend only on the layout, not on the way the system
is managed. Examples of structural properties are layouts, resources available, management system used etc. Productivity,

resource utilization, inventory level and reliability correspond to quantitative properties. Quantitative properties are
important for the efficient management purposes.

4.1 Performance analysis based on qualitative properties

The qualitative performance measures are reachability, boundedness, liveness, deadlock, reversibility and persistency.
Suppose that m, be an initial marking representing the initial status of tokens in the places. Based on the above criteria, the
model shown in Figure 6 satisfies all the characteristics. When the transition Ty, is removed, it is not reversible because
after firing all input parts with q;, q, and g3 tokens from places Py;, P;, and Ps;, no more firing happens.

Structural properties do not depend on the initial marking, but on the topological structure of the net. They will use
matrix-based approach. Suppose that an incidence matrix be A = [a;] with an (n x m) of integers. A formula can be derived
to test a final marking myis reachable from an initial marking m,.

my = my + Au (1)
where u is the summation of all u;, = 0,1, ...,/-1. This (m x 1) column vector, u;, is called the firing count vector.
An S-invariant or P-invariant is an (nx1) nonnegative integer vector satisfying

x'4=0 2)
From equation (1), mulitfying x in both sides,
mef = x"my+x"Au 3)
Combining equation (2) and (3) yields
xm = meo 4

This implies that the total number of initial tokens in my, weighted by the P-invariant are constant.
A T-invariant is an (mx1) nonnegative integer vector satisfying
Ay=0 (5)
From the equation (1), equation (6) is derived when y = u. This implies that when the firing count vector is identical with 7-
invariant, then the final marking is equal to the initial marking.
my = My (6)

To illustrate the above properties, the GSPN model in Figure 7 is tested. An incidence matrix 4 from this model is
derived. Martinez and Silva (1982) have proposed an efficient algorithm for computing the invariants of Petri net. The
important issue is to find the minimal set of invariants which are linearly independent. When the above algorithm is applied
to the above incidence matrix 4, the minimal P-invariants are derived as the following. Suppose that the place vector X is
assumed to be

X = (P1i Prub P1d Pt P2i Paa Pourt Paub Paa Paub Pad Pous2 Psi Psub Psa P2 Pouss, Peub Pea Prub P7a Pouss Psa Pso)-

From equation (2), x"4 = 0, five P-invariants are acquired. Consider the initial marking my=(q;0010g,0000000q;0
010000000 0). Applying equation (4) for the P-invariants gives

mM(Payb) + M(Pag) + M(Psuy) + M(Psa) + M(Prm2) + M(Peuv) + M(Pea) = 1 )
m(piyb) + M(P1a) + M(Pmi) + M(Payy) + M(P3g) + M(Pruy) + M(pra) =1 )]
m(pi) + m(pza) + M(Ppun) + M(P3up) + M(P3a) + M(Paus) + M(Paa) + M(Ppurz) + M(Psa) + M(pPso) = q2 )
m(py;) + m(Pius) + M(prg) + M(Pay;) + M(P2a) + M(Prun) + M(P3ub) + M(P3a)
+ M(Pays) + M(Pag) + M(Ppurz) + M(Psa) + M(Pso) = Qs (10)
m(ps;) + m(psyp) + mM(Psa) + M(Ppugs) + M(Psub) + M(Pea) + M(P7u) + m(P7a)
+ m(Peurs) + M(Psa) + M(Pso) = Gs (1)

The P-invariants of equation (7) and (R) correspond to the activities of machine 2 and machine 1 respectively. The P-

invariants of equation (9), (10), and (11) imply that the total number of parts of part type P, P and P3 are g5, qu and g3
respectively.

Similarly, solving equation (5) gives the minimal T-invariants as the following.

{tin, tie) {t36 tar), {tactar}, {tss tse}, {to ter}, {trss toc} (12)
{tsms tiis tios t2is taos Tais t30s tsi tsos t7is t70s t8is T80} (13)
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{ Lstes i tho 2 Lo, Lais Laos si Lso, Lais Toos I3, tEo} (14)

Equation (12) represents failure and repair operations, in which the system returns to the normal process before the
failure occurred. Equation (13) and (14) represent production cycles utilizing machines M, and M, respectively, in which
some subprocesses are appeared in both cases because the system is a flexible manufacturing cell sharing machines M, and

2.

4.2 Performance analysis based on quantitative properties
Performance analysis based on quantitative measures is tried using Petri net simulator. For this purpose, the performance
measure should be devised first. Average production rate, in-process inventory, and average utilization are adopted as
performance measures. The average production rate in the flexible manufacturing line can be computed as

P = rate (Tg,) * prob {m(Pg,) =1}.
The average utilization of machine 1 (UMI) and machine 2 (UM2) and two assembly operations are

UML = prob {(m(Pyup) = 1) + (m(Psu) = 1) + (m(Pyy) = 1)},

UM2 = prob {(m(Pyu) = 1) + (m(Psyp) = 1) + (m(Peyp) = 1)},

Assembly 1 = prob {(m(P,,) = 1)},

Assembly 2 = prob {(m(Pg,) = 1)}.
The average in-process inventory is

n = {the total number of tokens in the process — E [m(Pp,) + m(Pyy) + m(Py ) + m(Pyy0) 13

The basic parameters adopted for the simulation is summarized as the Table 3. Using these measures, the simulation has

been performed in the Petri net simulator. The results are shown in Figure 8. The production rate increases as machining
rate increases. The in-process inventory decreases when machining rate of M, increases. But, the change of machining rate
of M, does not affect the in-process inventory because an additional assembly operation is included after the operation 1 of
M. When the machining rate of M, (M,) increases, the utilization of M, (M,) decreases, while the utilization of M, (M),
assembly 1 and assembly 2 increases.

Table 3. Parameters for simulation

Machine 1 Machine 2 Assembly 1 Assembly 2 Buffer 1 ~4
lﬂ ;"f }“f x'D }"f 7"r
4 3 5 2 4 6 2 2 5

Production rate vs M1 & M2 change
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(c) Machine utilization versus machining rate of M; (d) Machine utilization versus machining rate of M,
Figure 8. Simulation results for the flexible cell according to the change of machining rate of M, and M,
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5. CONCLUSIONS

An algorithm of generating Petri net automatically from BOM data and performance analysis schemes based on qualitative
and quantitative properties are proposed. The proposed method was implemented using an example problem from the
flexible manufacturing cell. A complex manufacturing system can be decomposed into controllable smaller cells and the
decomposed cells can be represented based on BOM and BOP. An algorithm was developed to generate Petri net graph
automatically based on BOM. This algorithm can be applied to create Petri net from BOM data used in the legacy system.
The proposed Petri net model was evaluated based on behavioral and structural properties. For behavioral properties,
reachability, boundedness, liveness, deadlock, reversibility, and persistence were tested. For structural properties, P-invariants
and T-invariants were used based on incidence matrix. Quantitative properties are tested based on production rate, in-process
inventory and machine using Petri net simulator.

Two important aspects in manufacturing are regarded as a design and performance evaluation. Considering this, the
suggested model can represent a flexible manufacturing cell very efficiently. Also, the model can be tested for system
feasibility and performance analysis. Further research areas include developing more performance analysis measures and

finding parameters for machining condition and process control. Also, developing statistical model to compare with Petri
net will enhance the validity of Petri net modeling.
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